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Introduction
Generally, the theme of flexible robot control includes the motion in free space, [1] [2] [3] [4] [5] [6] [7] [8] [9] the contact transition between the unconstrained and constrained environments, [10] [11] [12] [13] [14] [15] [16] or remains in contact with a surface. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] Some control methods for flexible joint robots have been also reported. [37] [38] [39] [40] Nevertheless, the force control of constrained flexible manipulators has still received an increasing attention since past decades. Related applications include space robots used for satellite capturing and large space structure construction, and light-weight industrial robots used for assembly, deburring and grinding tasks. The controller design for such as force control is, however, quite difficult because of the distributed parameter nature of flexible arms, also the non-collocation of torque actuation and contact force sensing.
Based on finite-dimensional approximate models, a pioneer research in a single-link and a two-link constrained flexible manipulators was carried out by Chiou and Shahinpoor. 17, 18 The outcome pointed out that the link flexibility is the major source of control system instability. Later, Li 19 indicated that an inherent limitation on the achievable bandwidth occurs from the presence of infinitely nonminimum phase zeros. Matsuno et al. 20, 21 derived the distributed parameter models and thus proposed hybrid positionforce controllers using quasi-static equations. However, the proposed controllers may not guarantee a global stability under possible large initial tracking errors at fast tip speed. 21 In order to consider the compliance of the environment, the contact surface was modeled [41] [42] [43] [44] [45] [46] and some methods based on a lumped parameter model for a single-link flexible robot have been published. [10] [11] [12] [13] [14] [15] Therefore, the dynamics of a flexible arm with the tip contact/impact forces can be simplified. However, only one or two degrees-of-freedom flexible robot was considered in these studies. [10] [11] [12] [13] [14] [15] Accordingly, a variety of nonlinear hybrid force-position controllers were proposed using nonlinear finite-dimensional dynamic models [22] [23] [24] [25] [26] [27] [28] for some two-and three-dimensional constrained flexible robots. However, these proposed methods may not guarantee the stability of the original distributed parameter systems because of spillover problems. Matsuno and Kasai 29 then derived the distributed parameter model for a constrained one-link flexible arm with a concentrated tip mass, a finite-dimensional model for force feedback and compliance control. More recently, Bazaei and Moallem 30 also used distributed parameter model for a constrained flexible beam actuated at the hub. The maximum control bandwidth was obtained by applying the output redefinition. In order to compensate the spillover instability caused by residue modes which are not included in the controller design, an optimal controller with low-pass property and a robust H ∞ controller were proposed. 29, 30 The constrained one-link arm with a symmetric rigid tip body and a nonsymmetric rigid tip body were studied. 31, 32 Bazaei and Moallem 33 improved force control bandwidth of the constrained one-link arm through outputs redefinition. The distributed parameter models were derived, [31] [32] [33] but finitedimensional models were still used for controller designs.
As we know that the flexible arm is an inherently infinite-dimensional system, the controller design using a distributed parameter model becomes more complicated. Tip-contact force control using feedback parallel compensation approach In order to avoid the spillover from a finite-dimensional approximation, the distributed parameter model 34, 35 was applied to resolve the force control problem for a constrained one-link flexible manipulator. Unfortunately, the system stability was found only in a sufficient condition. 34, 35 Similarly, the stability of the switching collision was also involved into a sufficient condition. 16 Additionally, the exact solutions for the closed-loop system cannot be obtained. 16 Recently, the infinite product formulation has been utilized to design a PD controller for a linear distributed parameter model in the constrained one-link flexible arm. 36 The results were satisfactory, but the internal material damping was not considered 36 so that it may not be suitable for general situations.
As we know that the residual vibration of all elastic modes may be suppressed by using the internal damping, the accurate contact force tracking of the flexible link can be thus obtained. For this reason, the linear distributed parameter model including internal damping has been developed in this paper. The dynamic model is described in Section 2. It contains the derivation of equations of motion and non-minimum phase transfer function. Section 3 illustrates the proposed controller design. The non-minimum phase obstacle is investigated, and the PD control and infinite product formulation are also studied. Section 4 shows the simulation results to verify the effectiveness of the proposed scheme. Finally, the conclusions are given in Section 5.
Dynamic Model

Derivation of motion equations
The constrained one-link flexible arm depicted in Fig. 1 
The kinetic energy T and potential energy of the arm U are given by
where the dot indicates differentiation with respect to the time t, and the subscript x denotes partial differentiation with respect to x. Note that the kinetic energy of the end effector m p is neglected since the axial displacement velocity is negligible. To include the internal friction of the beam material, the Rayleigh dissipation function corresponding to the Kelvin-Voigt damping is expressed as follows:
where c d (>0) is a small damping constant of the beam material. The virtual work is done by the external torque so that the internal damping force can be given by
Apply the extended Hamilton's principle and the Lagrange multiplier method as follows:
One obtains the following integral-partial differential equations of motion and boundary conditions:
Substitute Eqs. (8) and (12) into (7), and perform integration by parts with Eq. (11), an alternative form in Eq. (7) can be obtained as
Note that Eqs. (8)- (13) are consistent with those obtained by 48 λ(t) = 0. The root-bending moment v xx (0, t)can be measured by a strain gauge sensor 33, 35 and its derivativev xx (0, t) can be detected by a full-bridge strain gauge. 33 This introduces a new joint input variable u(t) as
Then using Eq. (13) reduces to
Note that the internal damping is unnecessary to be measured because the new joint input is designed based on the feedback method.
Non-minimum phase transfer function from the input torque to the tip-contact force
The transfer function can be derived by the Laplace transform of Eqs. (1) and (8)- (14) for assuming zero initial conditions. Let s be the Laplace transform variable, and define the dimensionless parameters μ , β, ε andŝ as
Then Eq. (8) can be expressed as
The solution is obtained as
where C i (β), i = 1, 2, 3, 4 are unknown parameters. The substitution of Eq. (20) into Eqs. (1), (9)- (14) yields
and u in terms of C 1 . The results are (bearing in mind the implicit relation betweenŝ and β defined by Eq. (18)) as follows:
Using Eq. (20), one further obtains
With the infinite product representation of transcendental functions given in the Appendix, it verifies that 
where ω zn and ω βn are defined in the Appendix. The numerical values of ω θn (ε) can be computed using ω θ n = β 2 n , where β n (ε), n = 1, 2 . . . are the real positive roots of the denominator of Eq. (27), namely 
The distribution of these poles and zeros on the complex s-plane are shown schematically in Fig. 2 . Since G λτ (ŝ) has infinitely many zeros in Re(ŝ) > 0, G λ τ (ŝ) is a nonminimum phase. Similarly, G λ u (ŝ) is also a non-minimum phase. The effect of a new introducing input u(t) via rootbending moment and its derivative is merely to change the poles of G λ τ (ŝ) to the poles of G λ u (ŝ).
Controller Design
Removing the non-minimum phase obstacle by parallel compensation
It is well known that a perfect asymptotic tracking of output trajectories with internal stability cannot be achieved in nonminimum phase systems. To alleviate the non-minimum phase problem, the right half-plane zeros can be replaced by the left half-plane zeros by the redefinition of output. Define a new virtual contact force f (t, k) such that
where k is a real constant and its permissible values will be determined to satisfy the minimum phase condition. Now, 
Using Eq. (18) for the zeros of G f u (ŝ, k), it is given by the roots of
where it is derived from Sections A1 and A4, and the lowest six modes of ω zn and ω pm are also listed. The root locus of Eq. (37) for −∞ < k < 1 is shown in Fig. 3 based on a six pole-zero pair approximation. The approximate breakaway points on the imaginary S-axis are ±12.20j, ±92.10j, ±260.66j corresponding to k = 0.759, 0.918, 0.984, respectively. The breakaway points on the imaginary S-axis actually correspond to the real positive double roots of N(β, k) = 0,or equivalently,
Furthermore, the asymptotic behavior of Eq. (38) becomes
Based on Eqs. (38) and (39), it proves that (i) the smallest real positive double roots β = 3.483 (S = ±12.132j ) occur when k = 0.758, (ii) a larger value of real positive double roots occurs at a larger value of k, and (iii) there are no real positive double roots for k < 0.758. Therefore, it is impossible to have any breakaway point on the imaginary S-axis for k < 0.758. It confirms that, with the previously defined new input and output, the constrained one-link flexible manipulator is minimum phase if −∞ < k ≤ 0.758. In conclusion, this necessary and sufficient condition is obtained via the numerical solution of the exact transcendental equation N(β, k) = 0, not by the finitedimensional approximation of the root locus.
One can write
The numerical values can be computed using ω αn = β 2 n , where β n (k), n = 1, 2, . . . are the real positive roots of the numerator of Eq. (40) . Selected values of ω α n are listed in Table I . Thus, one has a minimum phase stable transfer function
where the distribution of poles and zeros in G f u (ŝ, k) takes a similar pattern as shown in Fig. 2(a) . Note that the above output redefinition is equivalent to the parallel compensation 49 as shown in Fig. 4(a) . The overall closedloop system using a basic feedback loop is presented in Fig. 4(b) . Therefore, the parallel compensator T (ŝ, k) has the form
where ω δ n = β 2 n and β n (k), n = 1, 2 . . . are the real positive roots of the equation.
Selected values of ω δ n are computed and listed in Table I . Tip-contact force control using feedback parallel compensation approach 
Proof of passivity of SG f u (S)
Let SG f u (S) be expressed as (bearing in mind the implicit relation betweenŝ and S defined by Eq. (18)) 
PD control of the parallel compensated system
For the control structure as shown in Fig. 4(a), λ(t) is to track a desired contact force trajectory λ d (t) using a PD control asymptotically, where k p and k d are positive design constants, and k ≤ 0.758. Obviously
The characteristic equation of the closed-loop system is
It needs to ensure that asymptotic tracking of output trajectories can be achieved even in the absence of internal damping. With G f u (ŝ, k) given by setting μ = 0 in Eq. (37), eq. (43) becomes
Clearly, the effect of P-control alone is merely to move all the closed-loop poles along the imaginaryŝ-axis from s = ±jω β, n−1 (set ω β 0 = 0) toŝ = ±jω α n , n = 1, 2, . . . as k p varies from 0 to ∞ (see Fig. 5a ). With k p = k * p , Eq. (37) can be rewritten as
It can be verified (see Fig. 5b ) using a simple root locus plot that the D-control suffices to stabilize the closed-loop system for all 0 < k * p < ∞ and 0 < k d < ∞. Therefore, it is reasonable to conjecture that the damping effect should be enhanced at the internal damping situation. Let the roots of Eq. (47) be written aŝ
where n ( n < n+1 ) and ζ n are the natural frequency and damping ratio of the nth closed-loop pole. 
Using Eq. (41), one may write Eq. (47) as
given by Eqs. (41) and (28)- (31), the closedloop responses of some relevant variables can be computed as follows:
Note that the above results are exact solutions of the infinite-dimensional force control system. To perform the inverse Laplace transform,ŝ can be replaced by 
can be solved numerically to yield n and ζ n , n = 1, 2 . . .. It can also be easily verified that 
The control structure of Fig. 4 (a) can be converted to the basic feedback loop as shown in Fig. 4(b) . Using Eqs. (29) and (42), it reveals that the transfer function of the compensator is . Since the compensator is infinitely dimensional, its implementation is not practically feasible. However, due to the finite bandwidth of the physical sensor and actuator, a finite-dimensional compensator C red (ŝ) can be obtained by truncating the high-frequency terms of the infinite product part of C(ŝ) for some properly chosen positive integers N and M. Let N and M be selected such that C red (ŝ) has the same poles, zeros, and gain as C(ŝ) within the frequency band of interest containing the crossover region of C(ŝ) G λ τ (ŝ). Then the reduced-order compensator C red (ŝ) is able to maintain a desirable stability. To ensure the robust stability with respect to the measurement noise in a closed-loop system, one may keep fewer zeros than poles of C red (ŝ). This added high-frequency roll-off of C red (ŝ) G λ τ (ŝ) further diminishes the effects of the high-frequency modes of G λ τ (ŝ). Finally, since C red (ŝ) and G λ τ (ŝ) are proper, C red (ŝ) G λ τ (ŝ) has no pole-zero cancellation in Re(ŝ) ≥ 0, and 1 + C red (ŝ) G λ τ (ŝ) = 0 has no zeros in Re(ŝ) ≥ 0, the closed-loop system is internally stable. 51 
Significance of infinite product formulation
The infinite product formulation basically gives some advantages as follows. First, the exact solutions of the infinite-dimensional closed-loop system can be expressed in terms of infinite product expressions in the Laplace transform domain. Second, the exact solutions of the infinitedimensional closed-loop system in the time domain can be obtained without inverting transcendental functions in the Laplace transform variableŝ. Third, the exact poles and zeros of the original infinite-dimensional system are preserved throughout the design process. This implies that the exact closed-loop poles and zeros of the original infinitedimensional system are not affected by the truncation approximation. Had we used truncated G λ τ (ŝ) at the beginning, and then performed the controller design, we would not have obtained the exact poles and zeros in the original infinite-dimensional system. Furthermore, the spillover phenomenon would arise from the excitation of residual modes by the control (control spillover) and the contamination of the sensor output by the residual modes (observation spillover). Fig. 4(b) . The responses due to the disturbance θ := θ(0) − 3.52 × 10 −2 = −2 × 10 −2 rad perturbed from the steady-state solution are shown in Fig. 7 . Tip-contact force control using feedback parallel compensation approach Note that the small deflection assumption is not violated since v max ( , t)/ = θ max (t) = 3.52% (less than 10%).
Simulation Results
λ d (t) = 5 (1 − 54e −53t + 53e −54t ),(64)
Conclusions
In this paper, the contact force control of a constrained onelink flexible arm has been investigated based on a linear distributed parameter model with internal damping of KelvinVoigt type. With the joint torque as the input and the tip contact force as the output, the non-collocated system is proved as a non-minimum phase. The feedback of root-bending moment and its derivative is used to generate a new input, and the output via parallel compensation redefined. As a result, a stable transfer function of minimum phase is obtained for a non-collocated system. For the new transfer function, it has been revealed that perfect asymptotic tracking of a desired contact force trajectory with internal stability can be achieved using a PD controller. Unlike most truncated models that may generally suffer from spillover problems, exact solutions have been obtained for the non-collocated infinitedimensional force control system. The extension of the current approach to the rigid tip body as the end effector instead of a concentrated mass may be worked out for future research.
